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Abstract. In this paper, we consider 2+1 dimensional gravitational theory including
a Dirac field that is minimally coupled to New Massive Gravity. We investigate
cosmological solutions of the field equations by using the self-interaction potential form
obtained by the existence of Noether symmetry. In this context, we obtain cosmological
solutions that corresponds to inflationary as well as the oscillationary epochs of the
universe. Moreover, we have seen that the Dirac field behaves like a dark energy in
these epochs of the universe.
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21. Introduction
New Massive Gravity (NMG) proposed by Bergshoeff, Hohm and Townsend by adding
a specific quadratic curvature term to the Einstein-Hilbert action is an interesting (2+1)
dimensional modified gravity theory [1, 2]. A model which contains particular higher-
derivative terms is known to be renormalizable in four dimensions [3]. And this implies
that the NMG is super-renormalizable as well as unitary in three dimensions [4, 5].
Hence, the NMG can be considered as a physically interesting toy model of consistent
quantum gravity in three dimensions. Furthermore, in this theory, the graviton gains a
mass [1, 5]. Also, the NMG has non-trivial solutions, such as the Banados-Teitelboim-
Zanelli (BTZ) black hole [6], Lifshitz black hole [7], the Warped-AdS3 black hole [8], the
New type black hole [9], de Sitter spacetime [10], AdS3 pp-wave [11, 12], homogeneous
anisotropic of Bianchi type-VI0, and type-VII0 [13]. On the other hand, the Hawking
radiation of these black holes were investigated by the quantum mechanical tunnelling
of the scalar, Dirac particles [14, 15, 17] and vector boson particles[16].
Giving the observational data [18, 19, 20, 21], the universe had been inflated in
early time and since then it keeps expanding. To investigate the early time inflation of
the universe, at first, the standard cosmological models were used [22, 23]. However,
recently, to understand the problem in both 2+1 and 3+1 dimensional spacetimes, it
has been realized that the Dirac field as a gravitational source which cause early time
inflationary and late time acceleration is being considered [24, 25, 26, 27, 28, 29, 30, 31].
As the Dirac theory has a vacuum including Zitterbewegung oscillations between positive
and negative energy states and perfectly explains an interaction of a Dirac particle with
an atomic structure of the materials, it gives a reasonable cosmological solutions for the
early-time inflation and late-time acceleration of the universe [29, 30]. In this motivation,
we will couple the Dirac field with the curvature scalar and consider the Dirac field as
a source of the inflation of the universe in the context of the 2+1 dimensional New
Massive Gravity by using the Noether symmetry approach.
This paper is organized as follows. In the following section, we give the field
equations of a theory in which the Dirac field is minimal coupled to the NMG. In
this section, at first, the lagrangian of the system is derived, and, then, using the
Noether symmetry approach the cosmological solutions for this model are found. Finally,
we conclude with a summary of the obtained results. Throughout the paper, we use
c = G = h¯ = 1.
2. Minimal Coupling Dirac Field to New Massive Gravity
The action for the NMG is written in the following form [1],
S =
∫
d3x
√
|g|
[
R− 2Λ− 1
m2
K
]
(1)
where Λ is the cosmological parameter, m is the mass of the graviton and the scalar K
3is given in terms of Ricci scalar,R, and Ricci tensor, Rµν , as follows.
K = RµνR
µν − 3
8
R2.
Hence, the minimal coupling the NMG with the Dirac field is
S =
∫
d3x
√
|g|
[
R− 2Λ− 1
m2
K +
i
2
[
ΨσµDµΨ− (DµΨ)σµΨ
]
− V (Ψ)
]
(2)
where V (Ψ) represents the self-interaction potential of the Dirac field, and it depends
on only functions of the bilinear Ψ = ψ¯ψ, g is the determinant of the gµν metric tensor,
ψ is Dirac spinor with two components, particle and anti-particle, ψ¯ is adjoint of the ψ
and ψ¯ = ψ†σ3. Also, Dµ=∂µ − Γµ(x) is the covariant derivative of the Dirac spinor in
terms of the spin connection, Γµ(x). The spin connections are given as
Γµ(x) =
1
4
gλα(e
i
ν,µe
α
i − Γανµ)sλν(x), (3)
where Γανµ is Christoffell symbol, and gµν is given in term of triads, e
(i)
µ (x), as follows,
gµν(x) = e
i
µ(x)e
j
ν(x)ηij , (4)
where µ and ν are curved spacetime indices running from 0 to 2. i and j are flat
spacetime indices running from 0 to 2 and ηij is the 2 + 1 dimensional Minkowskian
metric with a signature (1,-1,-1). The spin operators, sλν(x), are given by
sλν(x) =
1
2
[σλ(x), σν(x)], (5)
where σ¯µ(x) are the spacetime dependent Dirac matrices in the 2 + 1 dimensional [32].
Then, using triads, eµ(i)(x), σ¯
µ(x) can be related to the flat spacetime Dirac matrices,
σi, in the following form
σ¯µ(x) = eµ(i)(x)σ¯
i, (6)
where σ¯i are
σ¯0 = σ3 , σ¯1 = iσ1, σ¯2 = iσ2. (7)
σ1, σ2 and σ3 are Pauli matrices [32].
To analyse the expansion of the universe in the NMG context, we will consider
the spatially flat spacetime background in the 2+ 1 dimensional Friedmann-Robertson-
Walker metric as follows,
ds2 = dt2 − a2(t)[dx2 + dy2], (8)
where a(t) is the scale factor of the universe. Hence, in this spacetime background, using
the Eq.(4), Eq.(5), Eq.(6), Eq.(7) and Eq.(2), the Lagrangian of the system is written
as follows;
L = −2(a˙2 + a2Λ) + a˙
4
6m2a2
+
ia2
2
[
ψσ3ψ˙ − ψ˙σ3ψ
]
− a2V (Ψ). (9)
Accordingly, from this Lagrangian, the equations of motion for ψ, ψ and a are obtained
as follow, respectively,
ψ˙ +Hψ + iσ3ψV
′
= 0 (10)
4ψ˙ +Hψ − iψσ3V ′ = 0 (11)
a¨
a
= −m
2 (4ρΛ − 4ρD − pD)
2H2 − 4m2 (12)
where
pD = 2V
′
Ψ− 4V, ρΛ = Λ
ρD =
H4
4m2
+
V
2
(13)
pD and ρD are pressure and energy density of the Dirac field, respectively, and ρΛ
is vacuum (or dark energy) energy density, and H = a˙/a is the Hubble parameter.
Furthermore, as the dot represents differentiation with respect to cosmic time t, the
prime denotes the derivative with respect to Ψ. Moreover, with these equations, using
the Hamiltonian constraint equation, EL = 0, Friedman equation is obtained as follows;
H2 = ρΛ + ρD. (14)
Using the Noether symmetry approach for the Lagrangian Eq.(9), we obtain the
following differential equations by imposing the fact that the coefficients of a˙4, a˙3ψ˙,
a˙3ψ˙ and so on vanish. The configuration space of the Lagrangian is Q = (a, ψj , ψ
†
j),
whose tangent space is TQ = (a, ψj , ψ
†
j , a˙, ψ˙j,
˙
ψ†j ). The existence of Noether symmetry
given by £XL = 0 implies the existence of a vector field X [33, 34, 35] such that
X = α
∂
∂a
+ α˙
∂
∂a˙
+
2∑
j=1

βj ∂
∂ψj
+ β˙j
∂
∂ψ˙j
+ γj
∂
∂ψ†j
+ γ˙j
∂
∂
˙
ψ†j

 , (15)
where α, βj and γj are functions of a, ψj and ψ
†
j . Hence, the Noether symmetry condition
for Eq.(9) under the X vector field leads to the following differential equations.
2a
∂α
∂a
− α = 0 (16)
2∑
j=1
∂α
∂ψ†i
= 0 (17)
2∑
j=1
∂α
∂ψi
= 0 (18)
∂α
∂a
= 0 (19)
2∑
j=1
(
ψ†i
∂γi
∂a
− ψi∂βi
∂a
)
= 0 (20)
2αψ†i + aβi − a
2∑
j=1
(
ψi
∂βi
∂ψj
− ψ†i
∂γi
∂ψj
)
= 0 (21)
52αψ†i + aγi + a
2∑
j=1

ψi ∂βi
∂ψ†j
− ψ†i
∂γi
∂ψ†j

 = 0 (22)
α [4Λ− 2V ]− aV ′
2∑
i=1
ǫi
(
γiψ
†
i + βiψ
)
= 0 (23)
From the Eq.(16), Eq.(17), Eq.(18) and Eq.(19), we see that α=0. Furthermore,
from the solutions of Eq.(20),Eq.(21) and Eq.(22), we get the following results.
βi = κǫi
(
ψ†i + ψi
)
,
γi = −κǫi
(
ψi − ψ†i
)
,
where κ is a constant and ǫi is
ǫi =
{
1 for i = 1
−1 for i = 2.
Finally, the expression of the potential is obtained from the equation Eq.(23);
V = V0, (24)
and substituting this potential expression to Eq.(10) and Eq.(11), we get the following
equation,
Ψ˙ + 2
a˙
a
Ψ = 0. (25)
And this equation gives us the following relation,
Ψ =
Ψ0
a2
, (26)
where Ψ0 is a integration constant. Then the field equations Eq.(12) and Eq.(14) are
reduced to the following expressions, respectively;
a¨
a
[
2
m2
(
a˙
a
)2
− 4
]
= −4Λ + 1
m2
(
a˙
a
)4
− 2V0 (27)
and (
a˙
a
)2
= Λ +
1
4m2
(
a˙
a
)4
+
V0
2
. (28)
These equations have four physical solutions. The first two solutions are given as follow,
a1,2(t) = e
∓(t−t0)K1 (29)
where K1 =
√
2m
√
m2 − λ+ 2m2 and λ = Λ + V0/2. Under the m2 ≥ |λ| and λ > 0
conditions, they correspond to the Sitter space-time [10]. The rest two solutions are
given as;
a3,4(t) = e
∓i(t−t0)K2, (30)
where K2 =
√
2m
√
m2 − λ− 2m2, and they correspond to an oscillation universe (or
cyclic universe) model under the m2 ≥ |λ| and the λ < 0 (i.e. anti-de Sitter space)
conditions [36].
6On the other hand, using the Eq.(13) and Eq.(24), the pressure of the Dirac field
can be calculated as follows;
pD = −V0. (31)
This result implies that the Dirac field has negative pressure for V0 > 0. This means
that the Dirac field behaves like a dark energy, and using Eq.(13), the energy density of
the Dirac field for Eq.(29) and for Eq.(30) is obtained as follows;
ρD =
[√
m2 − λ+m
]2
+
V0
2
, (32)
ρD =
[√
m2 − λ−m
]2
+
V0
2
. (33)
Using Λ = ρΛ in Eqs.(32) and (33), we see that the energy density of the Dirac field
depends on the graviton mass and the vacuum energy density. All these results indicate
a Dirac field of the characteristic features of the dark energy in the context of the NMG.
3. Concluding remarks
The study of cosmological models in the gravitation theories with the 2+1 dimensional
provide for mathematical simplicity than that of the 3 + 1 dimensional theories. In
the present study, we couple the Dirac field with the NMG. Also, the effects of the
Dirac field on the evolution of the universe are probed. In contrast to standard three-
dimensional Einstein gravity, we see that the Dirac field has a negative pressure. This
result indicates that the Dirac field plays role of the dark energy in the evolution of the
universe. Hence, in the context of the NMG, the Dirac field provides explanation for
the early-time inflation period of the universe. Furthermore, we have also seen that the
Dirac field can lead to an oscillating universe in time.
Using these four solutions with Hubble parameter, H=a˙/a, and deceleration
parameter, q=−aa¨/a˙2, we can analyze the evolution of the universe in the context
of the NMG as follows:
• The Hubble and the deceleration parameters become as H=K1 and q=−1,
respectively, for a1(t)=exp[K1(t − t0)]. This case corresponds to an accelerating
expansion phase, i.e. the early-time inflation epoch (i.e. H > 0 and q < 0).
• When a1(t)=exp[−K1(t−t0)], the Hubble parameter and the deceleration parameter
become as H=−K1 and q=−1, respectively, and this case represents a contracting
expansion phase (i.e. H < 0 and q < 0).
• Using the Eqs.(30), Hubble and deceleration parameters obtained as H=∓iK2 and
q=−1. The signature (+) corresponds to an accelerating expansion phase (i.e.
H > 0 and q < 0) and the signature (-) corresponds to a contracting expansion
phase (i.e. H < 0 and q < 0). Furthermore, the imaginary Hubble parameter point
out that the universe is oscillating in time.
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